Abstract-The paper is focused on ultrasonic transmission tomography as a potential medical imaging modality for breast cancer diagnosis. Ultrasound speed is one of the tissue parameters which are related to the pathological tissue state. An alternative to the commonly used filtered backprojection is presented, which can solve the problem of sparse transducer distribution. It is based on regularization of the image reconstruction problem which imposes smoothness in the resulting images while preserving edges. The approach is analyzed on synthetic data sets and illustrated on data acquired on a tissue phantom.
I. INTRODUCTION
Ultrasound computer tomography (USCT) is a potentially promising alternative to standard X-Ray imaging in medical diagnosis, especially in breast cancer diagnosis. This is mainly due to the non-ionizing character of ultrasound and high information content of the measured signals.
The measurement setup is similar to the X-Ray computed tomography setup [1] . The imaged object (e.g. human breast), immersed in a water tank, is surrounded by transducers emitting and receiving ultrasound field from various directions.
Compared to X-Ray computed tomography, the ultrasound field and the image reconstruction algorithms are rather complex and computationally demanding. As a result, USCT is still in the research state. More robust image restoration methods and application of more accurate mathematical models of the ultrasound field are needed.
Several ultrasound parameters of the tissue can be estimated: reflectivity, attenuation coefficient and speed of sound. Here, the USCT setup is considered with the aim to image a map of ultrasound speed distribution in the immersed object. This tissue parameter is closely related to the tissue type and its pathological state and is thus of a high diagnostic value The obtained sound-speed maps are intended to be used for correction in ultrasound reflectivity imaging [2] , [3] . Ultrasound speed tomography could be possibly also used as a standalone imaging modality.
In the published methods [4] , the principle is directly derived from X-Ray computed tomography. The emitted ultrasonic pulse is supposed to propagate along a narrow straight line. Ultrasound propagation time along each propagation path is estimated and arranged to projections. The problem of sound-speed image reconstruction is then formulated as the inverse Radon transform [1] and may be solved by means of the filtered backprojection method. The major problem is to estimate precisely the position of the first pulse in the radiofrequency (RF) signals. This is caused by changes in shape of the pulse due to distorted phasefront of the received wave.
An alternative to the filtered backprojection is the algebraic reconstruction technique (ART) [1] . The problem of inverse Radon transform is formulated as the solution of an overdetermined set of linear equations. This approach is more general because it can also be used for nonstraight propagation paths (e.g. reflected and scattered waves), which might be a valuable additional source of useful information [5] .
Kaczmarz method of projections [1] is a well known ART method, with the main advantage being the processing of only one equation at a time. Therefore, the entire equation system is not needed to be loaded to the memory. As the available memory size and the computational power have increased, more advanced solutions can be used. In this paper, regularized reconstruction, based on [6] , [7] , is investigated in order to involve a priori information about the imaged tissue in the reconstruction. The main reason is to enable reconstruction of 3D sound speed images from data acquired using sparse distribution of ultrasound transducers.
II. FORMULATION OF THE IMAGE RECONSTRUCTION PROBLEM
The presented ultrasound speed tomography approach is derived for a 3D setup, where the imaged object, immersed in a water tank, is enclosed by ultrasound transducers. The used acquisition parameters correspond to the 3D USCT prototype with a cylindrical geometry, developed in Forschungszentrum Karlsruhe [2] , [3] . At a time, one transducer is always in the emitting mode, while all other transducers record the received RF signals. Then, the next element is emitting and all remaining transducers are recording, and so on until all transducers have been used as emitters.
The transducer aperture is fairly small (1.4 mm 2 ), hence the emitted ultrasound pulse is an unfocused wave, which spreads approximately as a spherical wave.
In this study, only the first pulse of the received RF signal is used in the computation. It corresponds to the directly transmitted wave. Reflection and scattering, giving rise to later part of the RF signal, is not considered.
Taking any combination of the sending and receiving elements, the "time-of-flight" of the emitted pulse between the emitter and receiver is
where d i is the path length through the i-th voxel and f i is the time-of-flight per unit distance in the i-th voxel. This quantity can also be denoted as "slowness" and is the inverse value of the sound speed c i in the voxel. An overdetermined set of linear equations can be formulated based on Eq. (1) as 
III. REGULARIZED IMAGE RECONSTRUCTION

A. Direct Image Reconstruction
The problem of ultrasound speed image reconstruction is formulated as a solution of the equation set (2) . Let us assume that the number of available sender-receiver combinations is much higher than the number of unknown voxels in the reconstructed image. An optimal solutionf can be computed by minimization of a suitable functional J 1 (f ):
where J 1 (f ) is based on the Euclidean norm as follows
B. Motivation for Regularization
The direct technique presented in the previous section gives reasonable results for accurate measurements of p and for a high degree of over-determination. However in practice, these assumptions might not be valid. The estimates of the timeof-flight along the propagation paths include many sources of errors:
• distortion of the wave front due to interference of timedelayed waves caused by diffraction and varying speed of sound in the imaged object • the transmission pulse and the scattered/reflected signals partially overlap in the received RF signal
• the positions of the senders and receivers are not given accurately • presence of noise in the measured RF signals Based on the assumed range of the time-of-flight, some equations can be detected as outliers and left out from the equation set. This leads to a decreased degree of overdetermination.
C. Edge-Preserving Regularization
One of the well known regularization techniques is the Tikhonov regularization. It is based on quadratic penalization of the differences between neighboring voxels [6] . However, this idea goes against one of our requirements which is the preservation of the important edges.
An improved technique, called edge-preserving regularization [7] seems to be suitable for the actual problem of the ultrasound-speed map reconstruction. It is based on minimization of an augmented functional
where J 2 is a regularizing term
where D x f , D y f and D z f are differences between neighboring voxels (discrete image gradient components) in the corresponding directions. The term J 2 penalizes differences between neighboring voxels. The penalization is given by a potential function φ which is an even cost function with specific properties enforcing the preservation of the edges. In [7] three possible potential functions φ HS , φ HL and φ GM are given. Based on our previous experience [8] , φ GM gave the best results hence it was used in the following experiments.
The parameter λ (Eq. (5)) determines the weight of regularization term. The parameter δ (Eq. (6)) applies a threshold between smoothing and preserving of edges.
The criterial functional Eq. (5) is not quadratic. Therefore, the optimization becomes computationally expensive as the resulting system is non-linear. A half −quadratic minimization is used here, as described in [7] , [9] .
IV. RESULTS
A. Data and Evaluation
First, the algorithms were evaluated on simulated data, so that the estimated ultrasound-speed map could be compared with the ground-truth map used for simulation. The simulation was designed to provide data corresponding to the 3D USCT prototype described in [2] , [3] . The ideal RF signals were generated assuming propagation of spherical waves. Attenuation along the propagation was incorporated in the change of the pulse shape. The propagation path between each emitter and receiver was assumed straight, i.e. no refraction was simulated. The resulting synthetic RF signals were distorted by additive Gaussian white noise. The signal-to-noise was set to 11 dB which corresponds to the ratio estimated from the data measured using the 3D USCT prototype.
Because of high memory requirements, the results below were obtained by processing 16 out of 48 layers in the vertical direction. This corresponds to 103180 sender-receiver combinations, i.e. the same number of equations. The reconstructed volume was a cylinder of heght cca. 120 mm and diameter 180 mm. The reconstructed image was 64x64x8 voxels.
The simulated ultrasound-speed map was designed to mimick breast tissues. It consists of four homogeneous regions of cylindrical shape with different ultrasound speed values, see Fig. 2 (a) (the normal breast tissue region was brightened for visualization because the sound speed was very close to water and hence not visible in the figure) . The axis of the cylinders are parallel so far. The simulated sound speed values were selected according to expected values in breast cancer diagnosis [4] .
Having the reference ultrasound-speed map, the error of the reconstructed map was evaluated using the mean squared image difference e:
where f ref is the reference map,f is the reconstructed map and n is the voxel index. A qualitative evaluation was done on data measured using the 3D USCT prototype on a breast phantom. The number of processed layers and reconstructed image size was the same as for the simulated data described above. Although the sound speed values for the phantom were not known, the spatial consistence of the sound-speed map could be evaluated based on visual comparison with the reflectivity map estimated from the same data.
B. Estimation of the Regularization Parameters
The optimal parameter values for the synthetic RF data, i.e. parameters that give a minimal error e, (Eq. (7)) were estimated first.
The expected intervals of the parameters were divided into small steps and the image was reconstructed for each combination of the values. Fig. 1 shows the surface plots of the regularized-solution error. There is an "optimal valley" of minimal error. It turned out that the differences between the images obtained by regularization with parameters from the valley are basically negligible.
For small λ, i.e. almost no or no regularization, the reconstructed image was practically random because no regularization leads to inversion of a singular matrix in the optimization process. This shows the need for regularization in case of sparse transducer distribution.
C. Reduced Number of Equations
In this section, the behaviour of the regularization for the system with reduced number of equations is described. The equation system obtained for synthetic data was first solved for all equations, then reduced to one half, one quarter of the original number of equations and so forth. The left out equations were chosen randomly. As shown in Fig. 2 , the regularization enables fairly good reconstruction even for a strongly reduced number of equations. This suggests that a fairly large fraction of (e.g. too noisy) signals might be left out from the reconstruction. As expected, the mean squared error increased with smaller number of equations (Fig. 3) . 
D. Tests on Recorded Phantom Data
The data measured on breast phantom were processed using three algorithms. First, the reflectivity image reconstruction was done using a synthetic aperture algorithm [3] to obtain an estimate of the phantom outline and a location of the lesions (Fig. 4 (a) ). Then, the Feldkamp-Davis-Kress (FDK) conebeam backprojection algorithm [1] was applied (Fig. 4  (c) ). The data points missing in the conebeam projections were interpolated. Third, the data were processed using the regularized reconstruction (Fig. 4 (b),(d) ). The spatial consistency (i.e. the clarity of the phantom outline and the homogenity inside and outside the phantom) was better for the regularized reconstruction. The outline approximately fits the one obtained for reflectivity reconstruction. Visual investigation of more reconstructed slices indicates a vague visibility of the lesions in the reflectivity image. However, fair assessment is hard for this phantom as the sound-speed of the lesion is not known in this case. 
V. CONCLUSION AND FUTURE WORK
The contribution of this paper is the introduction of regularized image reconstruction techniques to the field of ultrasound transmission tomography. More specifically, an available edgepreserving regularization technique [7] was adopted to the restoration of sound-speed maps and extended from a 2D to a 3D algorithm. The solution of the equation set is improved by including constraints on smoothness of the resulting soundspeed image while preserving edges (interfaces between the tissue structures).
Especially for our current 3D USCT system, where the transducer distribution is sparse, the regularization is crucial to perform algebraic reconstruction. For the sparse case, algebraic reconstruction without regularization does not provide meaningful images due to system matrix singularity. In a straightforward approach of conebeam backprojection, the missing data points in the conebeam projections are estimated using interpolation, i.e. by imposing a certain degree of smoothness to the projections. The proposed approach of smoothness imposed to the reconstructed image while allowing edges to be preserved seems to be a more reasonable approach. This was also indicated by the results on the measured phantom data.
The tests on synthetic data showed the influence of the regularization parameters on the resulting image. Furthermore, the tests showed that even for a very reduced number of equations (i.e. processed RF signals), fairly good reconstruction can still be obtained. This suggests that better reconstruction might be obtained by using only selected RF signals which are of good quality according to some criterion (e.g. noise level).
A thorough evaluation needs to be done. The synthetic data will be generated for a more realistic 3D volume. In addition, a new sound-speed phantom with known sound-speed of its objects will be used for a quantitative evaluation of the speed map.
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